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Russia
The unsteady electrorotation of a drop of a viscous weakly conducting polarizable liquid suspended in another
viscous weakly conducting polarizable liquid immiscible with the former in an applied constant uniform
electric field is theoretically investigated. The surface tension of the drop is regarded as sufficiently large for
deformation of the drop under the action of the applied electric field and electrohydrodynamic flow can be
considered small and the drop can be considered spherical in the calculation of the electric field and flow. The
electric field intensity and the velocity and pressure in the electrohydrodynamic flow are sought for in the form
of a series solution with time-dependent scalar, vector, and tensor coefficients for which relations are found
allowing one to determine them. The coefficients are sought for in the form of asymptotic expansions over
the parameter the smallness of which corresponds to the sufficiently large viscosity of the drop with respect
to that of the surrounding liquid. The differential equations for the terms of the dimensionless expansions
up to the first and second orders with respect to this parameter are obtained. Their stationary solutions are
found in the explicit form and their stability is investigated. Up to the terms of the second order, transitions
to deformational oscillations of the drop are established not to occur.
I. INTRODUCTION
Under the action of an applied electric field, electrohy-
drodynamic flow arises inside and outside a drop of vis-
cous weakly conducting polarizable liquid suspended in
another viscous weakly conducting polarizable liquid im-
miscible with the former. If the ratio of the conductivity
of the drop to the conductivity of the surrounding liquid
is greater than the ratio of the dielectric permittivity of
the drop to the dielectric permittivity of the surrounding
liquid, the drop rotates in a constant electric field when
the electric field intensity exceeds some threshold value.
This phenomenon is called electrorotation. It is caused
by the presence of the surface convective electric current
at the interface between the liquids. Unlike the electro-
hydrodynamic flow, the electrorotation takes place not
only for suspended drops, but also for suspended solid
particles. The interest to the study of the electrohydro-
dynamic flows with electrorotation is caused by the pos-
sible application of this phenomenon to the flow control
in various devices, in particular in microfluidics.
Experiments show that, if the electrorotation takes
place, the drop deforms in a constant electric field so that
it either tends to take some stationary non-axisymmetric
shape1,2 or performs deformational oscillations3. If the
ratio of the viscosity of the drop to the viscosity of the
surrounding liquid is not too large, hysteretic phenomena
are observed when the intensity of the applied electric
field varies1.
Melcher and Taylor4 investigated theoretically the
electrorotation of a rigid weakly conducting polarizable
infinitely long cylinder in a viscous weakly conducting
polarizable liquid. Jones5 studied the electrorotation of
a rigid weakly conducting polarizable spherical particle.
The electrorotataion of rigid spherical shells6, rigid long
a)Electronic mail: tan@imec.msu.ru
cylinders7, and spheroids8 was also studied. The elec-
trorotation of a drop of viscous weakly conducting po-
larizable liquid was theoretically and experimentally in-
vestigated in Refs. 9–11,1–3, and 12. The influence of
the non-rotational charge convection over the surface of
a drop on the electrohydrodynamic flow is investigated
in Refs. 13–17.
A review of early works on the electrohydrodynamic
flows, including the works devoted to the electrorotation,
is given in the paper of Melcher and Taylor4. A review of
works devoted to electrorotation of rigid particles is pre-
sented in the work of Jones5. Reviews of the researches
devoted to electrorotation of drops can be found in the
works1–3. The most recent and complete review of the
works devoted to both experimental and theoretical in-
vestigations of the electrorotation of drops is presented
in the paper of Vlahovska18.
The goal of this work is to investigate theoretically the
unsteady electrorotation of a drop of viscous weakly con-
ducting polarizable liquid suspended in another viscous
weakly conducting polarizable liquid immiscible with the
former in a constant electric field with taking into ac-
count the surface conductivity. The theory presented in
Ref. 2 is supposed to be extended here in the following
three directions: first, using the approximation of very
viscous drops as the zeroth approximation, to investigate
the asymptotic expansion over a parameter that tends to
zero as the viscosity of the drop tends to infinity, sec-
ond, to take into account the surface conductivity of the
interface between the drop and the surrounding liquid,
and third, to consider non-stationary electric fields and
unsteady elctrohydrodynamic flows. The study of non-
stationary solutions for stationary external conditions al-
lows one to investigate the stability of the stationary so-
lutions and to ascertain the possibility of the solutions
with a transition to steady-state oscillations. The tran-
sition to oscillations and chaotic behavior was studied
experimentally and theoretically in Ref. 3. The theory
presented in Ref. 3 is based on the assumption that the
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FIG. 1. Setting of the problem
drop has the shape of an oblate spheroid with fixed as-
pect ratio. In the given work, the shape of the drop is
supposed to be determined by equations obtained with
the help of asymptotic methods.
In Section II, the problem is set, the governing equa-
tions and boundary conditions are written down, and
the used approximations are discussed. In Section III,
the solution is written down in the form of series with
time-dependent scalar, vector, and tensor coefficients,
the dimensionless coefficients are sought for in the form
of asymptotic expansions over a parameter smallness of
which corresponds to large viscosity of the drop with re-
spect to that of the surrounding liquid, and the expres-
sions and differential equations for the terms of those
expansions up to the first and second orders are written
down and analyzed. The obtained results are summa-
rized and discussed in Section IV. The details of the cal-
culations are presented in Appendix A and Appendix B.
II. SETTING OF THE PROBLEM
A. Object of investigation
Consider a drop of incompressible liquid in an ap-
plied constant uniform electric field with intensity ~Ea (see
Fig. 1). The viscosity, electric conductivity, and dielec-
tric permittivity of the liquid inside the drop are ηi, λi,
and εi. The radius of the drop in the undeformed state
is a. The drop is suspended in an incompressible liquid
with the viscosity ηe, electric conductivity λe, and di-
electric permittivity εe. The surface tension and surface
electric conductivity of the interface between the liquids
are σs and λs. The liquids are regarded as sufficiently
viscous so that the small Reynolds number approxima-
tion is valid and the conductivities are so small that the
electrohydrodynamic approximation is valid (see Ref. 4).
B. System of equations
In order to find the drop shape, electric field inten-
sity, ~E, velocity, ~v, and pressure, p, as functions of the
radius-vector, ~r, and time, t, under the above made as-
sumptions, the system of equations of electrohydrody-
namics (see Ref. 4) written down for electric fields in
the quasi-stationary approximation and for flows in the
quasi-steady approximation is used. This system consists
of the continuity equation for an incompressible liquid
∇ · ~v = 0, (1)
the motion equation in the small Reynolds number and
quasi-steady flow approximations
∇ ·
(
−pIˆ + σˆe + σˆv
)
= 0, (2)
the Maxwell’s equations in the electrohyrodynamic and
quasi-stationary field approximations
∇ · ~D = 0, ∇× ~E = 0, (3)
the electric charge conservation law
∇ ·~j = 0, (4)
and the constitutive relations
~j = λ~E, (5)
~D = ε ~E. (6)
Here, the formulas are written down for Gaussian system
of units, · and × denote the scalar and vector products,
~D is the electric induction, ~j is the volume density of the
electric current, η = ηi, λ = λi, and ε = εi inside the
drop, η = ηe, λ = λe, and ε = εe outside it, ∇ is the
nabla operator, Iˆ is the identity tensor, σˆe and σˆv are
the tensors of electric and viscous stresses expressed as
follows:
σˆe =
1
4pi
~D ~E − 1
8pi
~D · ~EIˆ, (7)
σˆv = 2η (∇~v)S , (8)
where ~A~B denotes the dyadic product of the vectors ~A
and ~B, ∇~f denotes the dyadic product of the nabla op-
erator and the vector field ~f = ~f(~r), Tˆ S denotes the sym-
metric part of the tensor Tˆ . Since the electric conductiv-
ity and dielectric permittivity are uniform, the electric
charge conservation law, Eq. (4), follows from Maxwell’s
equations for electric induction Eq. (3).
Using the continuity equation (1) and Maxwell’s equa-
tions (3) and taking into account that the electric con-
ductivity and dielectric permittivity are uniform, the mo-
tion equation (2) can be rewritten in the form of the
Navier–Stokes equation in the small Reynolds number
approximation4
−∇p+ η∆~v = 0, (9)
where ∆ is the Laplacian.
3C. Boundary conditions
The boundary conditions on the interface between the
liquids include the impenetrability condition
~v|e · ~n = ~v|i · ~n = vsn, (10)
the no-slip condition
[~v]s × ~n = 0, (11)
the conditions for the jumps of the normal and tangential
components of the stress vector ~σn = ~n·
(
−pIˆ + σˆe + σˆv
)
~n ·
[
−pIˆ + σˆe + σˆv
]
s
· ~n = −σsH, (12)
~n · [σˆe + σˆv]s × ~n = 0, (13)
the continuity condition for the tangential component of
the intensity of the electric field[
~E
]
s
× ~n = 0, (14)
and the conditions for the jump of the normal component
of the density of the electric current
∂qs
∂t
= qsHvsn−
[
~j
]
s
·~n−∇αjαs = qsHvsn−
[
~j
]
s
·~n−∇s ·~js.
(15)
Here, A|i and A|e denote the values of the quantity A on
the interface between the liquids approached from inside
and outside the drop, respectively, [A]s = A|e − A|i de-
notes the jump of the quantity A at the interface when
moving from the inside to the outside,∇s denotes the sur-
face nabla operator, ~n is the external normal unit vector
at a given point of the interface, vsn is the normal compo-
nent of the velocity of the surface of the drop at a given
point, H is the mean curvature at a given point of the
surface of the drop, qs is the density of the surface elec-
tric charge, determined by the condition for the jump of
the the normal component of the electric induction[
~D
]
s
· ~n = 4piqs, (16)
~js is the density of the total surface electric current. Note
that definition of the mean curvature used in the present
work is such that it takes negative values on the surface
of a convex domain.
The continuity conditions for the tangential compo-
nents of the velocity and electric field intensity allow de-
termining the following vector fields defined on the sur-
face of the drop:
~vsτ = ~n× (~v|i × ~n) = ~n× (~v|e × ~n) , (17)
~Es = ~n×
(
~E
∣∣∣
i
× ~n
)
= ~n×
(
~E
∣∣∣
e
× ~n
)
. (18)
The density of the total surface electric current is deter-
mined with the help of these functions as follows:
~js = λs ~Es + qs~vsτ . (19)
Substituting Eq. (19) into Eq. (15), one obtains
∂qs
∂t
= qsHvsn−
[
~j
]
s
·~n−∇s ·
(
λs ~Es
)
−∇s ·(qs~vsτ ) . (20)
Using the boundary conditions (14) and (16) and the
constitutive relations, Eq. (6), one can transform the con-
ditions for the stress vector, Eq. (12) and Eq. (13), into
the form
− [p]s +
1
8pi
εe
(
~E
∣∣∣
e
· ~n
)2
− 1
8pi
εi
(
~E
∣∣∣
i
· ~n
)2
− 1
8pi
(εe − εi)
∣∣∣ ~E∣∣∣
i
× ~n
∣∣∣2 + 2~n · [η∇~v]s · ~n = −σsH,
(21)
~n× ([η∇~v]s · ~n+ ~n · [η∇~v]s) = −qs ~n× ~E
∣∣∣
i
. (22)
Using the introduced notations (17) and (18), one obtains
− [p]s +
1
8pi
εe
(
~E
∣∣∣
e
· ~n
)2
− 1
8pi
εi
(
~E
∣∣∣
i
· ~n
)2
− 1
8pi
(εe − εi)E2s + 2~n · [η∇~v]s · ~n = −σsH, (23)
− {~n× ([η∇~v]s · ~n+ ~n · [η∇~v]s)} × ~n = qs ~Es (24)
or
−
(
~n×
{[
2η (∇~v)S
]
s
· ~n
})
× ~n = qs ~Es. (25)
There is the jump of the tangential component of the
viscous stress vector on the surface of the drop in left
part of the boundary condition (25). Thus, the boundary
condition (25) describes the action of the Coulomb force
qs ~Es, which is a surface tangential force.
The boundary conditions at infinity have the form
~v → 0 at r →∞, (26)
p→ p∞ at r →∞, (27)
~E → ~Ea at r →∞, (28)
where p∞ is the pressure at infinity.
Besides, ~v(~r, t), p(~r, t), and ~E(~r, t) should be bounded
for all the bounded values of ~r.
D. Small deformation approximation
If the following condition is satisfied
max(εi, εe)
E2aa
σs
= max
(
εi
εe
, 1
)
Ca 1, (29)
where Ca = ηeVc/σs is the capillary number with charac-
teristic velocity, Vc = εeE
2
aa/ηe, for electrohydrodynamic
flows, the drop experiences small deformation under the
4action of the electric field and flow, i.e., its surface is al-
most spherical. In this case, in order to find the shape of
the deformed drop in the first order approximation with
respect to the dimensionless small parameters εiE
2
aa/σs
and εeE
2
aa/σs, the small deformation approximation can
be used. Within this approximation, the system of equa-
tions (1), (3)–(6), and (9) is solved for the spherical drop
with the use of the boundary conditions (10)–(11), (14)–
(20), and (25) [i.e., without using the boundary condition
(23) following from the condition for the normal com-
ponent of the stress vector, Eq. (12)]. Then the found
solution is used for the calculation of the jump of the
normal component of the stress vector and, with the use
of the boundary condition (23), of the mean curvature
H. Then, with the use of the calculated mean curvature,
the shape of the deformed drop is found.
Let the surface of the drop be given by the following
equation:
r = |~r| = a+ h
(
~r
r
, t
)
. (30)
The function h (~r/r, t) can be represented in the form
h
(
~r
r
, t
)
=
∞∑
n=2
Hˆn
n· ~r
n
rn
, (31)
which excludes displacements of the drop by some vector
without variation of its shape. Here, Hˆn = Hˆn(t) (n > 1)
are some tensors each of which is an arbitrary irreducible
tensor of nth order, i.e., a tensor of nth order symmetric
with respect to any pair of indices and such that its con-
traction with the identity tensor over any pair of indices
is equal to zero. Here and in what follows,~b n denotes nth
dyadic degree of the vector ~b [i.e., the (n − 1)-multiple
dyadic product of the vector ~b by itself],
n· denotes n-
multiple contraction of tensors over the adjacent indices.
The condition for the small deformation approximation
to be valid has the form
max
∣∣∣∣h(~rr , t
)∣∣∣∣ a. (32)
Note that, in this representation, the the volume bounded
by the surface, Eq. (30), is equal to the volume of the
undeformed drop, 4pia3/3, within the small deformation
approximation. Besides, in this approximation,
vsn =
∞∑
n=2
dHˆn
dt
n· ~n n. (33)
Using the condition for the small deformation approxi-
mation (32), one may neglect the terms of higher orders
with respect to function h (~r/r, t) and its derivatives in
the calculation of the mean curvature, which yields
H = −2
a
+
1
a2
[
2h− 2~n0 · ∂h
∂~n0
+
(
Iˆ − ~n0~n0
)
2· ∂
2h
∂~n20
]
,
(34)
where ~n0 = ~r/r, ∂
nf/∂~xn denotes the tensor that is the
result of n-multiple differentiation of the function f =
f (~x) (e.g., ∇f (~r) = ∂f/∂~r). Using the representation
for the function h = h(~n0, t), Eq. (31), one obtains
H = −2
a
− 1
a2
∞∑
n=2
(n− 1)(n+ 2)Hˆn n· ~r
n
rn
. (35)
III. SOLUTION
A. Electric field
The intensity of the electric field is sought for in the
form
~E = −∇ϕ, (36)
where
ϕ =

− ~Ea · ~r +
∞∑
n=1
Dˆn
n· ~r
n
r2n+1
, r > a,
− ~Ea · ~r +
∞∑
n=1
Dˆn
n· ~r
n
a2n+1
, r 6 a.
(37)
Here, Dˆn = Dˆn(t) is the tensor of 2
nth-pole electric
moment which is either some vector for n = 1 or, for
n > 1, some irreducible tensor of nth order. Thus, the
electric field is determined by a set of tensor functions
Dˆn = Dˆn(t) (n = 1, 2, . . . ). For a field given in this form,
Maxwell’s equations (3), the continuity condition of the
tangential component of the intensity of the electric field,
Eq. (14), the boundary condition for the electric field at
infinity, (28), and the conditions of boundedness of ~E, ~D,
and ~j are automatically satisfied.
Using Eq. (37), the boundary conditions (18) and (16),
the identity
∇
[
Dˆn
n· ~r n
]
= nDˆn
n−1· ~r n−1, (38)
and the fact that ~r = a~n on the surface of the drop in
the small deformation approximation, one obtains
~Es = ~n×
(
~Ea × ~n
)
−
∞∑
n=1
na−n−2~n×
{[
Dˆn
n−1· ~n n−1
]
× ~n
}
, (39)
qs =
1
4pi
(εe − εi) ~Ea · ~n
+
1
4pi
∞∑
n=1
a−n−2 [(n+ 1)εe + εin] Dˆn
n· ~n n. (40)
5Using Eq. (37), one also obtains[
~j
]
s
· ~n = (λe − λi) ~Ea · ~n
+
∞∑
n=1
a−n−2 [(n+ 1)λe + λin] Dˆn
n· ~n n. (41)
Calculation of the surface divergence of the surface
electric conductivity current yields
∇s ·
(
λs ~Es
)
= −2
a
λs ~Ea ·~n+λs
∞∑
n=1
n(n+1)a−n−3Dˆn
n· ~n n.
(42)
B. Electrohydrodynamic flow
The velocity and pressure in the flow caused by the tan-
gential surface force qs ~Es are determined by the continu-
ity equation (1) and Navier–Stokes equations in the low
Reynolds number approximation, Eq. (9), with the im-
penetrability and no-slip boundary conditions, Eqs. (10)–
(11), the conditions for tangential stresses, Eq. (25), on
the surface of the drop, the boundary conditions at infin-
ity for the velocity and pressure, Eqs. (26)–(27), and the
conditions of boundedness for the velocity and pressure.
The solution is sought for in the form which can be
constructed from general Lamb’s solution (cf. Ref. 19,
art. 336) for a quasi-steady flow (see A)
~v =

~ve, r > a,
~vs, r = a,
~vi, r < a,
p =
{
pe, r > a,
pi, r < a,
(43)
where ~ve, ~vs, ~vi, pe, and pi are expressed in terms of Ωˆn =
Ωˆn(t), Bˆn = Bˆn(t), Cˆn = Cˆn(t), and p0 = p0(t), Eqs.
(A7)–(A11). Here, Ωˆn = Ωˆn(t), Bˆn = Bˆn(t), Cˆn = Cˆn(t)
are some tensors depending on the time each of which
is either an arbitrary vector for n = 1 or an arbitrary
irreducible tensor for n > 1, p0 = p0(t) is the pressure at
the center of the drop, which is to be found.
It follows from Eq. (A9) that
~vsτ = a
∞∑
n=1
n
[
Ωˆn
n−1· ~n n−1
]
× ~n
+
∞∑
n=1
2~n×
{[
Bˆn
n−1· ~n n−1
]
× ~n
}
, (44)
vsn =
∞∑
n=1
2(n+ 1)Cˆn
n· ~n n, (45)
i.e., according to Eq. (33),
Cˆn =
1
2(n+ 1)
dHˆn
dt
. (46)
Thus, in order to solve the problem set above, the un-
known vector and tensor functions Dˆn(t), Ωˆn(t), Bˆn(t),
and Hˆn(t) as well as the scalar function p0(t) should be
found with the use of the remaining boundary conditions
(20), (23), and (25).
C. Asymptotic expansion
Using a, τv = (ηe + ηi) a/σs, Ea, Vc = εeE
2
aa/ηe, and
pc = εeE
2
a as the characteristic length, time, electric field
intensity, velocity, and pressure, the dimensionless vec-
tor, tensor, and scalar functions, Dˆ∗n(t
∗), Ωˆ∗n(t
∗), Bˆ∗n(t
∗),
Hˆ∗n(t
∗), and p∗0(t
∗), can be introduced as follows in order
to adimensionalize the equations that determine them:
Dˆn(t) = a
n+2EaDˆ
∗
n(t
∗), Ωˆn(t) =
εeE
2
a
4piηe
Ωˆ∗n(t
∗),
Bˆn(t) =
εeE
2
aa
8piηe
Bˆ∗n(t
∗), Hˆn(t) =
ηe + ηi
ηe
εeE
2
aa
2
4piσs
Hˆ∗n(t
∗),
p0 =
εeE
2
a
4pi
p∗0 + p∞ +
2σs
a
, t =
2 (ηe + ηi) a
σs
t∗. (47)
The adimensionalized equations contain the following di-
mensionless vector and scalar parameters:
~k =
~Ea
Ea
, λ∗i =
λi
λe
, λ∗s =
λs
aλe
, ε∗i =
εi
εe
, η∗ =
ηe
ηe + ηi
,
τ∗ =
ε2eE
2
a
16pi2λeηe
, ω∗ =
εeσs
8piλe (ηe + ηi) a
. (48)
Note that
τ∗ =
Vc
4pia
τe, ω
∗ =
τe
2τv
, τe =
εe
4piλe
, (49)
where τe is the charge relaxation time in the surrounding
liquid4, i.e., τ∗ is the ratio of the charge relaxation time
to the characteristic time of charge convection and ω∗
is the ratio of the charge relaxation time to the time of
viscous relaxation of the drop shape1, τv.
The dimensionless functions Dˆ∗n = Dˆ
∗
n(t
∗), Ωˆ∗n =
Ωˆ∗n(t
∗), Bˆ∗n = Bˆ
∗
n(t
∗), Hˆ∗n = Hˆ
∗
n(t
∗), and p∗0 = p
∗
0(t
∗)
are sought for in the form of the following asymptotic
expansions over the parameter η∗:
Ωˆ∗n ∼
∞∑
j=0
η∗jΩˆ∗n,j , Dˆ
∗
n ∼
∞∑
j=0
η∗jD∗n,j ,
Bˆ∗n ∼
∞∑
j=0
η∗jB∗n,j , Hˆ
∗
n ∼
∞∑
j=0
η∗jH∗n,j ,
p∗0 ∼
∞∑
j=0
η∗jp∗0j , η
∗ → 0. (50)
Note that η∗ → 0 corresponds to ηi/ηe → ∞. Thus, the
limit case η∗ → 0, i.e., the zeroth order approximation,
in this problem corresponds to a rigid spherical particle
in a viscous liquid.
6D. Zeroth order approximation and corrections of the first
order
Using the boundary conditions (20), (23), and (25) in
the dimensionless form, one obtains the following expres-
sions and relations for Dˆ∗n,0, Ωˆ
∗
n,0, Hˆ
∗
n,0, Bˆ
∗
n,0, p
∗
0,0, Ωˆ
∗
n,1
(n 6= 1), Hˆ∗n,1, and Bˆ∗n,1:
Ωˆ∗n,0 = 0, Dˆ
∗
n,0 = 0, n 6= 1, (51)
Hˆ∗n,0 = 0, Bˆ
∗
n,0 = 0, (52)
~Ω∗1,0 = −
1
2
~k × ~D∗1,0, (53)
ω∗ (2 + ε∗i )
d ~D∗1,0
dt∗
= − (1− λ∗i − 2λ∗s )~k − (2 + λ∗i + 2λ∗s ) ~D∗1,0
+
τ∗
2
[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0
]
×
(
~k × ~D∗1,0
)
, (54)
p∗0,0 =
1− ε∗i
6
− 1
3
(4− ε∗i )~k · ~D∗1,0−
1
6
(2 + ε∗i ) ~D
∗
1,0 · ~D∗1,0,
(55)
Hˆ∗n,1 = 0, Bˆ
∗
n,1 = 0, n 6= 2, (56)
Ωˆ∗n,1 = 0, n 6= 1, (57)
dHˆ∗2,1
dt∗
+
40
19
Hˆ∗2,1 = (1− ε∗i )
(
~k~k − 1
3
Iˆ
)
+ (1 + 2ε∗i )
[(
~k ~D∗1,0
)S
− 1
3
~k · ~D∗1,0 Iˆ
]
+ (7− 19ε∗i )
(
~D∗1,0 ~D
∗
1,0 −
1
3
~D∗1,0 · ~D∗1,0 Iˆ
)
, (58)
Bˆ∗2,1 =
1
2
(1− ε∗i )
(
~k~k − 1
3
Iˆ
)
+
1
2
(1 + 2ε∗i )
[(
~k ~D∗1,0
)S
− 1
3
~k · ~D∗1,0 Iˆ
]
− 1
38
(11 + 19ε∗i )
(
~D∗1,0 ~D
∗
1,0 −
1
3
~D∗1,0 · ~D∗1,0 Iˆ
)
− 12
19
Hˆ∗2,1. (59)
It follows from Eq. (54) that
d ~D∗1,0
dt∗
·
(
~k × ~D∗1,0
)
= 0,
i.e., the vector ~D∗1,0 = ~D
∗
1,0(t
∗), while varying, remains
coplanar to the vectors ~k and ~D∗1,0(t
∗
0), where t
∗
0 is
some initial instant. The vector ~Ω∗1,0, as it follows from
Eq. (53), remains normal to the vectors ~k and ~D∗1,0(t
∗
0),
varying in its absolute value.
In the Cartesian basis (see Fig. 1)
~iz = ~k, ~iy =
~k × ~D∗1,0(t∗0)∣∣∣~k × ~D∗1,0(t∗0)∣∣∣ , ~ix =~iy ×~iz,
~D∗1,0 = D
∗
x
~ix + D
∗
y
~iz, where D
∗
x = D
∗
x(t
∗), D∗z = D
∗
z(t
∗)
is the solution to the system of the ordinary differential
equations
ω∗ (2 + ε∗i )
dD∗x
dt∗
= −
[
2 + λ∗i + 2λ
∗
s +
τ∗
2
(1− ε∗i )
]
D∗x
− τ
∗
2
(2 + ε∗i )D
∗
zD
∗
x,
ω∗ (2 + ε∗i )
dD∗z
dt∗
= −1 + λ∗i + 2λ∗s − (2 + λ∗i + 2λ∗s )D∗z
+
τ∗
2
(2 + ε∗i )D
∗2
x . (60)
If the following condition is satisfied
3
2
τ∗ (ε∗i − λ∗i − 2λ∗s )
(2 + λ∗i + 2λ∗s )
2 < 1, (61)
then the system of equations (60) has the only fixed point
D∗1x = 0, D
∗
1z = −
1− λ∗i − 2λ∗s
2 + λ∗i + 2λ∗s
,
which is a stable knot. For the stationary solution to
Eq. (54) corresponding to this fixed point,
~D∗1,0 = ~D
∗
1,0si = −
1− λ∗i − 2λ∗s
2 + λ∗i + 2λ∗s
~k, ~Ω∗1,0 = ~Ω
∗
1,0si = ~0,
i.e. the electrorotation is absent. And if
3
2
τ∗ (ε∗i − λ∗i − 2λ∗s )
(2 + λ∗i + 2λ∗s )
2 > 1, (62)
then the system of equations (60) has three fixed points:
the saddle
D∗1x = 0, D
∗
1z = −
1− λ∗i − 2λ∗s
2 + λ∗i + 2λ∗s
and the two stable focuses
D∗2x = ±
2 + λ∗i + 2λ
∗
s
τ∗ (2 + ε∗i )
√
3
2
τ∗ (ε∗i − λ∗i − 2λ∗s )
(2 + λ∗i + 2λ∗s )
2 − 1,
D∗2z = −
4 + 2λ∗i + 4λ
∗
s + τ
∗ (1− ε∗i )
τ∗ (2 + ε∗i )
symmetric with respect to the line x = 0.
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FIG. 2. Phase portraits of the system of equations Eq. (63) for the cases without and with electrorotation.
In Fig. 2, the phase portraits of the system of equa-
tions
dD∗∗x
dt∗∗
= − (D∗∗z −D∗∗0z)D∗∗x ,
dD∗∗z
dt∗∗
= −D∗∗z +D∗∗2x
(63)
are depicted. The system of equations (63) has the only
parameter
D∗∗0z =
3τ∗
2
ε∗i − λ∗i − 2λ∗s
(2 + λ∗i + 2λ∗s )
2 − 1
and is obtained from the system, Eq. (60), with the use
of the transformation
D∗∗x =
τ∗
2
2 + ε∗i
2 + λ∗i + 2λ∗s
D∗x,
D∗∗z =
τ∗
2
2 + ε∗i
2 + λ∗i + 2λ∗s
(
D∗z +
1− λ∗i − 2λ∗s
2 + λ∗i + 2λ∗s
)
,
t∗∗ =
2 + λ∗i + 2λ
∗
s
(2 + ε∗i )ω∗
t∗
that does not change the quantity and the types of the
fixed points.
The 3D phase portrait is obtained from the 2D one
with the rotation around z axis, i.e., it has infinite num-
ber of fixed points corresponding to the stationary so-
lutions with the electrorotation that lie on some circle.
Thus, if there is no stationary solutions with the electro-
rotation, then, with the accuracy up to the first order
with respect to η∗, all the non-stationary solutions tend
to the only stationary solution without the electrorota-
tion when the time tends to infinity. And if there exist
stationary solutions with the electrorotation, the station-
ary solution without the electrorotation is unstable, and
any non-stationary solution tends to one of the stationary
solutions with the electrorotation. Note that this result
is exact for the limit case η∗ → 0 corresponding to a rigid
sphere.
The solution to the equation for Hˆ2,1 = Hˆ2,1(t),
8Eq. (58), has the form
Hˆ∗2,1(t
∗) = Hˆ∗2,1(t
∗
0) exp
(
−40
19
t∗
)
+
t∗∫
t∗0
exp
[
40
19
(
t∗′ − t∗)] Fˆ ∗2,1(t∗′) dt∗′, (64)
Fˆ ∗2,1(t
∗) = (1− ε∗i )
(
~k~k − 1
3
Iˆ
)
+ (1 + 2ε∗i )
[(
~k ~D∗1,0
)S
− 1
3
~k · ~D∗1,0 Iˆ
]
+ (7− 19ε∗i )
(
~D∗1,0 ~D
∗
1,0 −
1
3
~D∗1,0 · ~D∗1,0 Iˆ
)
, (65)
where ~D∗1,0 = ~D
∗
1,0(t
∗′) is the solution to Eq. (54).
The equation for the surface of the drop, Eq. (30), can
be rewritten in the form
r2
a2 + 2ah
(
~r
r
, t
)
+ h2
(
~r
r
, t
) = 1.
Within the small deformation approximation, i.e., when
the condition, Eq. (32), is satisfied, this equation is equiv-
alent to the equation
r2
a2
1− 2h
(
~r
r
, t
)
a
 = 1.
With accuracy up to the terms of the first order with
respect to η∗,
h
(
~r
r
, t
)
=
1
r2
Hˆ2,1
2· ~r 2.
Thus, with accuracy up to the terms of the first order
over η∗, the equation for the surface of the drop has the
form
r2
a2
− 2Hˆ2,1
a3
2· ~r 2 = 1. (66)
This is the equation of an ellipsoid with semi-axes
a1 =
a√
1− 2H2,1,1a−1
, (67)
a2 =
a√
1− 2H2,1,2a−1
, (68)
a3 =
a√
1− 2H2,1,3a−1
, (69)
where H2,1,1, H2,1,2, and H2,1,3 are the eigenvalues of the
tensor Hˆ2,1 = Hˆ2,1(t).
For the stationary solutions, Hˆ∗2,1 = Hˆ
∗
2,1s and Bˆ
∗
2,1 =
Bˆ∗2,1s, where
Hˆ∗2,1s =
19
40
{[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0s
] (
~k − ~D∗1,0s
)}S
− 19
120
[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0s
]
·
(
~k − ~D∗1,0s
)
Iˆ
+
9
8
(
~D∗1,0s ~D
∗
1,0s −
1
3
~D∗1,0s · ~D∗1,0s Iˆ
)
, (70)
Bˆ∗2,1s =
1
5
{[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0s
] (
~k − ~D∗1,0s
)}S
− 1
15
[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0s
]
·
(
~k − ~D∗1,0s
)
Iˆ , (71)
and ~D∗1,0s is one of the stationary solutions to the equa-
tion for ~D∗1,0(t
∗), Eq. (54). For the stationary solutions
with the electrorotation, ~Ω∗1,0 = ~Ω
∗
1,0sr,
Ω∗1,0sr =
2 + λ∗i + 2λ
∗
s
τ∗ (2 + ε∗i )
√
3
2
τ∗ (ε∗i − λ∗i − 2λ∗s )
(2 + λ∗i + 2λ∗s )
2 − 1,
~Ω∗1,0sr · ~k = 0, (72)
~D∗1,0 = ~D
∗
1,0sr = −
(
2
τ∗
2 + λ∗i + 2λ
∗
s
2 + ε∗i
+
1− ε∗i
2 + ε∗i
)
~k
+ 2~k × ~Ω∗1,0sr, (73)
H∗2,1,1 = H
∗
2sr =
1
6
(aH + cH)− 1
2
√
(cH − aH)2 + 4b2H ,
(74)
H∗2,1,2 = H
∗
3sr = −
1
3
(aH + cH) , (75)
H∗2,1,3 = H
∗
1sr =
1
6
(aH + cH) +
1
2
√
(cH − aH)2 + 4b2H ,
(76)
aH =
1
40
(7− 19ε∗i )
(
~D∗1,0sr ·~ix
)2
, (77)
bH =
19
40
(1 + 2ε∗i ) ~D
∗
1,0sr ·~ix
+
1
20
(7− 19ε∗i ) ~D∗1,0sr · ~k ~D∗1,0sr ·~ix, (78)
cH =
19
40
(1− ε∗i ) +
19
40
(1 + 2ε∗i ) ~D
∗
1,0sr · ~k
+
1
40
(7− 19ε∗i )
(
~D∗1,0sr · ~k
)2
. (79)
9In the dimensional form, the condition, Eq.(62), can
be written in the form
Ea > Ec, (80)
where Ec is the critical value of the intensity defined as
follows:
Ec =
2 +
λi
λe
+
2λs
aλe√
εi
εe
− λi
λe
− 2λs
aλe
√
32pi2λeηe
3ε2e
. (81)
Note that Ec is determined only if the following condition
is fulfilled:
εi
εe
>
λi
λe
+
2λs
aλe
. (82)
For sufficiently small deformations of the drop, the de-
pendencies of the of the minor, medium, and major semi-
axes, a1, a2, and a3, on the dimensionless intensity of the
applied electric field, E∗a = Ea/Ec, can be written in the
form
ai − a
a
=
8piλe (ηe + ηi) a
3εeσs
(2 + λ∗1)
2
ε∗i − λ∗1
E∗2a H
∗
2,1,i, i = 1, 2, 3,
(83)
where
λ∗1 = λ
∗
i + 2λ
∗
s (84)
and the replacement
τ∗ =
2
3
(2 + λ∗1)
2
E∗2a
ε∗i − λ∗1
(85)
is done in the expressions for H∗2,1,i. The medium semi-
axis is directed along the y axis. The minor and major
semi-axes are in the xz plane and make the angles
φ1sr =
1
2
arccot
cH − aH
2bH
, φ3sr =
pi
2
− φ1sr (86)
with ~k. If ε∗i 6= 1, the ellipsoid tends to take the shape of
a prolate spheroid as the intensity of the applied electric
field tends to infinity. The dependencies of a1, a2, a3, and
φ1sr on the intensity for drops that are oblate spheroids
below the critical value are depicted in Figs. 3 and 4.
E. Corrections of the first and second orders
Using the boundary conditions (20), (23), and (25) in
the dimensionless form and Eqs. (51)–(59), one obtains
the expressions and relations for Dˆ∗n,1, ~Ω
∗
1,1, p
∗
0,1, Ωˆ
∗
n,2
(n 6= 1), Hˆ∗n,2, and Bˆ∗n,2, Eqs. (B1)–(B12), which are
written down in B.
The linear ordinary differential equations for Hˆ∗2,2
and Hˆ∗4,2, Eqs. (B8) and (B9), have solutions (B13)–
(B16), from which it follows that ~Ω∗1,1, Hˆ
∗
2,2, Hˆ
∗
4,2, Bˆ
∗
2,2,
Ea/Ec
1 2 3 4 5
3εeσs
8piλe (ηe + ηi) a
ai − a
a
−25
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FIG. 3. Dependencies of the semi-axes on the intensity of
the applied electric field
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FIG. 4. Angle between the minor semi-axis and the intensity
vector of the applied electric field
Bˆ∗4,2, and Ωˆ
∗
3,2 are determined by
~D∗1,1(t
∗), Dˆ∗3,1(t
∗), and
~D∗1,0(t
∗), which are the solutions to the differential equa-
tions (B3), (B4), and (54).
As t∗ → ∞, the solutions of Eqs. (B3) and (B4)
tend to the stationary solutions ~D∗1,1(t
∗) = ~D∗1,1sr and
Dˆ∗3,1(t
∗) = Dˆ∗3,1sr, Eqs. (B17)—(B23). Thus, these sta-
tionary solutions are always stable.
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FIG. 5. Ω1sr with the accuracy up to the term of the first or-
der with respect to η∗ at various values of κ = (ε∗i −λ∗1)/(λ∗1+
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FIG. 6. Dependence of E∗c1 on η
∗ at various values of κ =
(ε∗i − λ∗1)/(λ∗1 + 2)
Introducing a new dimensionless angular velocity of
the electrorotation in order to study its dependence on
E∗a = Ea/Ec,
~Ω1 =
2piλe
εe
2 + λ∗1
2 + ε∗i
~Ω∗∗1 , (87)
one obtains
~Ω∗∗1,0sr = −
√
E∗2a − 1~iy, (88)
~Ω∗∗1,1sr =
3
[(
3E∗2a + 17
)
E∗2a + 8
ε∗i − λ∗1
2 + λ∗1
(
E∗2a + 3
)]
50E∗2a
√
E∗2a − 1
~iy.
(89)
The dependence of Ω1sr found with accuracy up to the
term of the first order with respect to η∗ on the intensity
of the applied electric field is shown in Fig. 5. Note that
the correction of the first order to the angular velocity
tends to infinity as E∗a → 1, i.e., it is not valid near the
critical value of the intensity. This fact may be inter-
preted as pointing to the increase of the critical value of
the intensity when η∗ increases from zero to some finite
value. It may be assumed that the critical value of Ea in
the first order approximation with respect to η∗, Ec1, is
determined by the equation
Ω1,0sr(E
∗
c1)− η∗Ω1,1sr(E∗c1) = 0, (90)
where E∗c1 = Ec1/Ec. The dependence of E
∗
c1 determined
by Eq. (90) on η∗ is shown in Fig. 6.
IV. SUMMARY AND DISCUSSION
Electric field intensity and velocity and pressure in the
electrohydrodynamic flow inside and outside a drop of a
viscous weakly conducting polarizable liquid suspended
in another viscous weakly conducting polarizable liquid
immiscible with the former for the case of electrorotation
are found in the small deformation approximation in the
form of the series, Eqs.(36)–(37) and (A6)–(A11), deter-
mined by the functions Dˆn(t), Ωˆn(t), Bˆn(t) and p0(t).
The variation of the shape of the drop is determined
by the functions Hˆn(t) according to Eqs.(30) and (31).
The functions Dˆn(t), Ωˆn(t), Bˆn(t), Hˆn(t), and p0(t) adi-
mensionalized according to Eq.(47) can be presented in
the form of the asymptotic expansions, Eq.(50), in the
parameter η∗. The relations, Eqs.(51)–(59) and (B1)–
(B12), are obtained for the terms of the zeroth, first, and
second orders of these expansions.
It is established that the electric field in the zeroth
approximation is determined by the dipole moment of
the drop and the correction of the first order the the field
is determined by the correction of the first order to the
dipole moment and by the octupole moment. Up to the
terms of the first order, the electric dipole and octupole
moments of the drop are determined by the differential
equations (54), (B3), and (B4) and the angular velocity
of electrorotation is determined by Eqs.(53) and (B1).
The shape of the drop is determined up to the terms of
the second order by the differential equations (58), (B8),
and (B9). The stationary solutions of the differential
equations mentioned above are found in the explicit form
and their stability is investigated.
It is established that, in the zeroth approximation,
besides the stationary solution without electrorotation,
which always exists, there also exist stationary solutions
with electrorotation determined with the accuracy up to
11
the direction of the angular velocity of electrorotation
when the condition, Eq.(62), is fulfilled. All the solutions
with electrorotation are stable and the solution without
electrorotation are unstable if Ea > Ec. If Ea < Ec, then
the solution without electrorotation is stable.
It is established that, up to the terms of the first order,
the stationary shape of the drop is an ellipsoid of the gen-
eral form the medium axis of which is directed along the
angular velocity and major and minor ones make some
angles with the electric field intensity vector. The ex-
plicit expressions are obtained for the semiaxes of the
ellipsoid, Eqs.(77)–(79), and for these angles, Eq.(86).
Up to the terms of the second order, the surface of the
drop is described by an equation of the fourth order.
The influence of the surface conductivity on the leading
terms of the asymptotic expansions can be taken into
account by the replacement λ∗i → λ∗1 = λ∗i + 2λ∗s , but
this rule is not always applicable for the terms of higher
order [see Eqs.(B4) and (B22)].
Since a stable stationary solution always exists in the
zeroth approximation and the corrections to it of the first
and second orders are also stable, one may assume that
no transition to non-decaying unsteady solutions takes
place when the conditions for the approximations used
in solving the problem are fulfilled. Thus, in order to
better understand the experiments where such a transi-
tion, described by the theory of the work3, was observed,
it is necessary to refuse to use at least one of the approxi-
mations: the quasistationary field approximation, quasis-
teady flow approximation, or small deformation approx-
imation. The frequency of the oscillations observed in
the experiments was too small in order the conditions for
the quasistationary field and quasisteady flow approxi-
mations not to be fulfilled. This fact provides the basis
to assume that the transition to the deformational os-
cillations takes place when the conditions for the small
deformation approximation are not fulfilled. Thus, one
may hope that a solution with the transition to the de-
formational oscillations can be obtained if the influence
of the deviation of the shape of the drop from a sphere
on the electric field and on the electrohydrodynamic flow
is taken into account as it was done in Ref. 20.
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Appendix A: Lamb’ solution
The solution to the continuity equation (1) and
Navier–Stokes equations in the low Reynolds number ap-
proximation, Eq. (9), can be constructed from the general
Lamb’s solution (cf. Ref. 19, art. 336) for a quasi-steady
flow
~v = ~v1 + ~v2 + ~v3, (A1)
~v1 =
∞∑
n=1
∇×
{[
Aˆ1,1,n
n−1· ~r
n−1
an−1
]
× ~r
}
+
∞∑
n=1
∇×
{[
Aˆ1,2,n
n−1· ~r
n−1an+2
r2n+1
]
× ~r
}
, (A2)
~v2 =
∞∑
n=1
∇×
{[
Aˆ2,1,n
n−1· ~r
n−1r2
an+1
]
× ~r
}
+
∞∑
n=1
∇×
{[
Aˆ2,2,n
n−1· ~r
n−1an
r2n−1
]
× ~r
}
, (A3)
~v3 =
∞∑
n=1
n
[
Aˆ3,1,n
n−1· ~r
n−1
an
]
× ~r
+
∞∑
n=1
n
[
Aˆ3,2,n
n−1· ~r
n−1an+1
r2n+1
]
× ~r, (A4)
p = η
∞∑
n=1
(2n+ 2)(2n+ 3)
n
Aˆ2,1,n
n· ~r
n
an+1
+ η
∞∑
n=1
2(2n− 1)Aˆ2,2,n n· ~r
nan
r2n+1
. (A5)
Here, Aˆi,j,n = Aˆi,j,n(t) (i = 1, 2, 3, j = 1, 2, n = 1, 2, . . . )
are some tensors depending on the time each of which
is either an arbitrary vector for n = 1 or an arbitrary
irreducible tensor for n > 1. This solution satisfies the
continuity equation (1) and the Navier–Stokes equation
in the low Reynolds number approximation, Eq. (9). De-
termining differently the tensor coefficients Aˆi,j,n inside
(r < a) and outside (r > a) the drop and satisfying the
boundedness conditions, boundary conditions at infinity,
Eqs. (26)–(27), and impenetrability, Eq. (10), and no-
slip, Eq. (11), conditions, one obtains
~v =

~ve, r > a,
~vs, r = a,
~vi, r < a,
p =
{
pe, r > a,
pi, r < a,
(A6)
~ve =
∞∑
n=1
(n+ 1)
(
r2 − a2) anBˆn n· ~r n+1
r2n+3
+
∞∑
n=1
(n+ 1)
[
nr2 − (n− 2)a2] anCˆn n· ~r n+1
r2n+3
+
∞∑
n=1
~r
r
×
({[
(−n+ 2)r2 + na2] anBˆn n−1· ~r n−1
r2n+1
}
× ~r
r
)
−
∞∑
n=1
~r
r
×
({
(n− 2)n (r2 − a2) anCˆn n−1· ~r n−1
r2n+1
}
× ~r
r
)
+
∞∑
n=1
n
[
Ωˆn
n−1· ~r
n−1an+2
r2n+1
]
× ~r, (A7)
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~vi =
∞∑
n=1
(n+ 1)
(
r2 − a2) 1
r2
Bˆn
n· ~r
n+1
an+1
−
∞∑
n=1
(n+ 1)
[
(n+ 1)r2 − (n+ 3)a2] 1
r2
Cˆn
n· ~r
n+1
an+1
+
∞∑
n=1
~r
r
×
({[
(n+ 3)r2 − (n+ 1)a2] Bˆn n−1· ~r n−1
an+1
}
× ~r
r
)
−
∞∑
n=1
~r
r
×
({
(n+ 1)(n+ 3)
(
r2 − a2) Cˆn n−1· ~r n−1
an+1
}
× ~r
r
)
+
∞∑
n=1
n
[
Ωˆn
n−1· ~r
n−1
an−1
]
× ~r, (A8)
~vs =
∞∑
n=1
2(n+ 1)Cˆn
n· ~n n+1
+
∞∑
n=1
2~n×
{[
Bˆn
n−1· ~n n−1
]
× ~n
}
+
∞∑
n=1
n
[
Ωˆn
n−1· ~n n−1
]
× ~n, (A9)
pe = ηe
∞∑
n=1
2(2n−1)
(
Bˆn + nCˆn
)
n· ~r
nan
r2n+1
+p∞, (A10)
pi = ηi
∞∑
n=1
(2n+ 2)(2n+ 3)
n
[
Bˆn − (n+ 1)Cˆn
]
n· ~r
n
an+1
+ p0. (A11)
Here, Ωˆn = Ωˆn(t), Bˆn = Bˆn(t), Cˆn = Cˆn(t) are some
tensors depending on the time each of which is either
an arbitrary vector for n = 1 or an arbitrary irreducible
tensor for n > 1, p0 = p0(t) is the pressure at the center
of the drop, which is to be found.
Appendix B: Corrections of the first and second orders
Using the boundary conditions Eqs. (20), (23),
and (25) in the dimensionless form and the relations
Eqs. (51)–(59), one obtains the following expressions and
relations for Dˆ∗n,1, ~Ω
∗
1,1, p
∗
0,1, Ωˆ
∗
n,2 (n 6= 1), Hˆ∗n,2, and
Bˆ∗n,2:
~Ω∗1,1 = −
1
2
~k × ~D∗1,1, (B1)
Dˆ∗n,1 = 0, n 6= 1, n 6= 3, (B2)
ω∗ (2 + ε∗i )
d ~D∗1,1
dt∗
+ (2 + λ∗i + 2λ
∗
s ) ~D
∗
1,1
− τ
∗
2
[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0
]
×
(
~k × ~D∗1,1
)
− τ∗ (2 + ε∗i ) ~Ω∗1,0 × ~D∗1,1
=
3
5
τ∗
[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0
]
· Bˆ∗2,1
− 2
5
τ∗
[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0
]
· dHˆ
∗
2,1
dt∗
, (B3)
ω∗ (4 + 3ε∗i )
dDˆ∗3,1
dt∗
+ (4 + 3λ∗i + 12λ
∗
s ) Dˆ
∗
3,1
− 3τ∗ (4 + 3ε∗i )
(
~Ω∗1,0 × Dˆ∗3,1
)S
= −τ∗
{[(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0] dHˆ∗2,1dt∗
}S
−2
5
{[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0
]
· dHˆ
∗
2,1
dt∗
Iˆ
}S
+ 4τ∗
({[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0
]
Bˆ∗2,1
}S
−2
5
{[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0
]
· Bˆ∗2,1 Iˆ
}S)
, (B4)
p∗0,1 = −
1
3
[
(4− ε∗i )~k + (2− ε∗i ) ~D∗1,0
]
· ~D∗1,1, (B5)
Hˆ∗n,2 = 0, Bˆ
∗
n,2 = 0, n 6= 2, n 6= 4, (B6)
Ωˆ∗n,2 = 0, n 6= 1, n 6= 3, (B7)
dHˆ∗2,2
dt∗
+
40
19
Hˆ∗2,2 = −
15
19
Bˆ∗2,1 +
68
57
dHˆ∗2,1
dt∗
+
1
19
{[
19 (1 + 2ε∗i )~k − 2 (7 + 19ε∗i ) ~D∗1,0
]
~D∗1,1
}S
− 1
57
[
19 (1 + 2ε∗i )~k − 2 (7 + 19ε∗i ) ~D∗1,0
]
· ~D∗1,1 Iˆ
+
12
133
[
(8− ε∗i )~k + (39− 34ε∗i ) ~D∗1,0
]
· Dˆ∗3,1, (B8)
dHˆ∗4,2
dt∗
+
72
17
Hˆ∗4,2
=
1
51
{[
17 (1 + 6ε∗i )~k + 2 (41− 51ε∗i ) ~D∗1,0
]
Dˆ∗3,1
}S
− 1
119
{[
17 (1 + 6ε∗i )~k + 2 (41− 51ε∗i ) ~D∗1,0
]
· Dˆ∗3,1 Iˆ
}S
,
(B9)
13
Bˆ∗2,2 = −
9
38
Bˆ∗2,1 +
25
38
dHˆ∗2,1
dt∗
− 12
19
Hˆ∗2,2
+
1
38
{[
19 (1 + 2ε∗i )~k − 2 (11 + 19ε∗i ) ~D∗1,0
]
~D∗1,1
}S
− 1
114
[
19 (1 + 2ε∗i )~k − 2 (11 + 19ε∗i ) ~D∗1,0
]
· ~D∗1,1 Iˆ
− 2
133
[
2 (8− ε∗i )~k − 5 (11− 13ε∗i ) ~D∗1,0
]
· Dˆ∗3,1, (B10)
Bˆ∗4,2 = −
12
17
Hˆ∗4,2
+
1
102
{[
17 (1 + 6ε∗i )~k − 2 (43 + 51ε∗i ) ~D∗1,0
]
Dˆ∗3,1
}S
− 3
714
{[
17 (1 + 6ε∗i )~k − 2 (43 + 51ε∗i ) ~D∗1,0
]
· Dˆ∗3,1 Iˆ
}S
,
(B11)
Ωˆ∗3,2 = −
1
10
{[
(5 + 2ε∗i )~k − 2 (1 + ε∗i ) ~D∗1,0
]
× Dˆ∗3,1
}S
.
(B12)
The linear ordinary differential equations for Hˆ∗2,2 and
Hˆ∗4,2, Eqs. (B8) and (B9), have the following solutions:
Hˆ∗2,2(t
∗) = exp
(
−40
19
t∗
)
Hˆ∗2,2(t
∗
0)
+ exp
(
−40
19
t∗
) t∗∫
t∗0
exp
(
40
19
t∗′
)
Fˆ ∗2,2(t
∗′) dt∗′, (B13)
Fˆ ∗2,2 = −
15
19
Bˆ∗2,1 +
136
19
Cˆ∗2,1
+
1
19
{[
19 (1 + 2ε∗i )~k − 2 (7 + 19ε∗i ) ~D∗1,0
]
~D∗1,1
}S
− 1
57
[
19 (1 + 2ε∗i )~k − 2 (7 + 19ε∗i ) ~D∗1,0
]
· ~D∗1,1 Iˆ
+
12
133
[
(8− ε∗i )~k + (39− 34ε∗i ) ~D∗1,0
]
· Dˆ∗3,1, (B14)
Hˆ∗4,2(t
∗) = exp
(
−72
17
t∗
)
Hˆ∗2,2(t
∗
0)
+
t∗∫
t∗0
exp
[
72
17
(
t∗′ − t∗)] Fˆ ∗4,2(t∗′) dt∗′, (B15)
Fˆ ∗4,2 =
1
51
{[
17 (1 + 6ε∗i )~k + 2 (41− 51ε∗i ) ~D∗1,0
]
Dˆ∗3,1
}S
− 1
119
{[
17 (1 + 6ε∗i )~k + 2 (41− 51ε∗i ) ~D∗1,0
]
· Dˆ∗3,1 Iˆ
}S
.
(B16)
The corrections to the stationary solutions are as fol-
lows:
~D∗1,1sr = D
∗
1,1srx
~ix +D
∗
1,1srz
~k, (B17)
D∗1,1srx = −
3 (2 + λ∗1)
3
100 (2 + ε∗i ) τ∗2
√
3
2
τ∗ (ε∗i − λ∗1)
(2 + λ∗1)
2 − 1
×
[
9 (ε∗i − λ∗1)
(2 + λ∗1)
3 τ
2 +
2 (9λ∗1 + 8ε
∗
i + 34)
(2 + λ∗1)
2 τ
∗ + 32
]
,
(B18)
D∗1,1srz = −
6 (ε∗i − λ∗1)
25 (2 + ε∗i ) τ∗2
×
[
(ε∗i + 2) τ
∗ + 2 (2 + λ∗1)
2
]
, (B19)
~Ω∗1,1sr = Ω
∗
1,1sr
~iy, (B20)
Ω∗1,1sr =
3 (2 + λ∗1)
3
200 (2 + ε∗i ) τ∗2
√
3
2
τ∗ (ε∗i − λ∗1)
(2 + λ∗1)
2 − 1
×
[
9 (ε∗i − λ∗1)
(2 + λ∗1)
3 τ
2 +
2 (9λ∗1 + 8ε
∗
i + 34)
(2 + λ∗1)
2 τ
∗ + 32
]
.
(B21)
The stationary solution Eq. (B4) is
Dˆ∗3,1sr =
4τ∗ (4 + 3λ∗i + 12λ
∗
s ) Gˆ
∗
3,1sr
(4 + 3λ∗i + 12λ∗s )
2
+ 9τ∗2 (4 + 3ε∗i )
2
Ω∗21,0sr
+
12τ∗2 (4 + 3ε∗i )
(
~Ω∗1,0sr × Gˆ∗3,1sr
)S
(4 + 3λ∗i + 12λ∗s )
2
+ 9τ∗2 (4 + 3ε∗i )
2
Ω∗21,0sr
, (B22)
Gˆ∗3,1sr =
{[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0sr
]
Bˆ∗2,1sr
}S
− 2
5
{[
(1− ε∗i )~k + (2 + ε∗i ) ~D∗1,0sr
]
· Bˆ∗2,1sr Iˆ
}S
. (B23)
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